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Theoretical and Experimental Analysis of the Flow
through Supersonic Compressor Rotors

K.-D. Broichhausen* and H. E. Gallus}
Technical University Aachen, Aachen, West Germany

In the present paper theoretical and experimental results referring to different supersonic rotors are discussed.
The theoretical approach, based on the Euler equations of motion, is valid for transonic rotor flows. The shocks
are treated separately on the basis of the Rankine-Hugoniot equations. The measurements were performed by
time-averaging and time-dependent technigues. Comparing the theoretical approach with the experimental data,
special attention is paid to the structure of detached front waves and strong channel shocks. These discontinuity
surfaces proved to be remarkably spatially curved, so that the pressure rise in the shocks is lower than in the two-
dimensional case. With respect to the channel and the rotor outlet flow the presented theoretical results conform
to the experimental data, if three-dimensional viscous effects are not dominant.

Nomenclature

a =velocity of sound
c,u,w =absolute, circumferential, and relative velocity
c, = specific heat
d()/ds =differential change in streamline direction
d/ =increment in streamline direction (7, z plane)
Sotade = blade force

rot =rothalpy
M., ,M, =relative, axial Mach number
R, =normal (unity) vector
n/n, = speed ratio )
P Ty = (total) pressure, (total) temperature
b =time dependent pressure
Q = arbitrary variable
r =radius
rdd =increment in circumferential direction
R =gas constant, =c,—¢,
s =entropy
S = finite area ,
X,y =profile coordinates
(d)z = (increment in) axial direction
o =Mach angle
T =circulation
SRR = flow angle in r-z; r-rdd plane, SI surface
€ = Dblade angle .
A Q  =central difference in i, k direction
K =ratio of specific heats
P = (total) density
o = three-dimensional shock angle
w =angular velocity
Q =vorticity
Subscripts
‘abs, rel =absolute, relative system
INN = grid point
u,rz = circumferential, radial, axial
/ =streamline (7, z plane)
S1,82 =81, S2surface
sh =shock
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son = sonic
0 =total
L2 =upstream/downstream

11 = magnitude of vector

I. Introduction

NE aim of the development of axial flow compressors,

among others, is an increase of the specific power of
single stages. To correspond to these efforts, efficient
transonic compressor stages were constructed. A further
power concentration is possible by means of supersonic
compressors. A one-dimensional stage design considering the
losses! shows that two concepts of supersonic compressor
stages are expedient. The stages are equipped with tandem
stators; their rotors, however, are of a different type, i.e., an
impulse-type rotor or a shock-in-rotor-type rotor (Fig. 1). In
the impulse-type rotor the supersonic relative flow is turned in
the axial direction, with constant respectively increasing
relative velocity. Such a rotor was designed in Ref. 2 by a
quasi-three-dimensional method of characteristics and was
investigated experimentally.

In contrast to the impulse-type rotor, the shock rotors
contribute to the increase of the static pressure, since at the
entrance of these rotors a strong shock is stabilized slowing
down the supersonic relative velocity to subsonic speeds. The
stabilization of this shock can be realized by back pressure or
by a diminution of the rotor channel cross-sectional area.

The calculation of the complex flow in such rotors must
cover the three-dimensional, rotational, transonic flow
through rotor channels with high turning. This is possible
either by means of a time-marching method3-7 or by a method
based on the equation of motion for stationary flow,%!! with
a separate treatment of the shocks. The latter methods also
include the numerical technique which is discussed in the
present contribution and the results of which are compared
with experimental data from the rotors outlined in Fig. 1.

II. Quasi-Three-Dimensional Calculation
of Flow in Supersonic Rotors with Strong
Shocks and Extended Subsonic Regions

Basic Equations

The calculation presumes an ideal gas and frictionless flow
and is made on the basis of the continuity equation, the
equation of motion, and the energy equation referring to the
rotor flow. The rotation of the absolute flow is defined as

20=V x¢ ¢))
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From these basic equations a further relation results which
corresponds to Crocco’s law for a stationary reference
system.

2(wx®)=Vh,  ~TVs @

The Stokes theorem combines the rotation of the absolute
flow and the circulation I', which is defined as a line integral
of the velocity along a closed curve.

T'={dr-c=2{{2-ndS )

Since the circulation along the streamline is constant, a
combination of Eqgs. (2) and (3) results in a further con-
servation law, which is applied to the computation of the
rotational flow.

The calculation itself is a quasi-three-dimensional ap-
proach.!? It is made on blade-to-blade stream surfaces (S7)
and on S2 surfaces extending from hub to tip. The common
tangent of both surfaces follows the direction of a relative
velocity vector. Consequently, the computation may involve
an additional condition, according to which the normal vector
of the surfaces is perpendicular to the relative velocity.

In a real rotor flow both stream surfaces are spatially
curved. The problem is simplified with sufficient accuracy,
especially in the case of axial turbomachines, if the SI sur-
faces are assumed to be rotational symmetric. This assump-
tion allows the computation of the flow by solving the fun-
damental equations in a coordinate system aligned on the
rotational symmetric S/ surfaces. The conversion of a given
variable Q between the cylindrical coordinates and the system
aligned with the SI surfaces can be made by means of the
following transformation (Fig. 2):

50 a0 40

M1 57 = Mstr 2z +hs1, ar O]

The normal vector ng, necessary for this conversion can be
established by the geometry of the stream surface.

Method of Characteristics in Supersonic Regions

Due to relative supersonic velocity and a subsonic axial
component the curved front waves of the blades running
upstream generate an entropy gradient already in the inlet
flowfield of the rotor (Fig. 1). Therefore, the numerical
procedure consists of a method of characteristics for strongly
curved profiles considering the rotation €. The basic
equations are the components of the continuity equation and
the equation of motion for the steady relative flow. These
relations and the corresponding thermodynamic laws lead to a
systém of differential equations for the computation of the S/

Impuise -Type - Rotor

Shock -in - Rotor -Type - Rotor

shock stabilized by
channel cross section

Fig. 1 Supersonic rotors.

shock stabilized by
back pressure
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surface flow. This system can be formulated in matrix
notation

Ci=A4;;B, ' &)
The structure of the single elements can be seen in the Ap-
pendix.

The characteristics of this equation system define three
distinct directions. The first characteristic direction is
determined by the streamline, since part of the equations
corresponds to the Euler equation along a relative streamline.
In addition, two further characteristic equations result. The
structure of the latter resembles that of the right- and left-
running characteristics of the two-dimensional flow.

In a cylindrical coordinate system (Fig. 3) the following
slope condition and compatibility relation result for the S/
surface:

dd
’d—l =tan(\ ) ©
wsin?a w?r iny

dw= +wd\tana — ds+ W dr+ wdltana ST

. u\? ] u
X {tan()\ia) <sm)\+ —) +cos)\<sm)\-2—)}
w w

+ wd/tanacosh (coshtan(A = «) — sin\ ) cosyH

1 1
- (—Hp+—HS)dr 0]
P K

4

nstr

S1 - Stream - Surface

Fig. 2 I stream surface transformation.

Fig. 3 Characteristics of the rotational S7 surface.
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In the present case of a rotational relative flow the third
characteristic in the streamline direction is decisive for the
entropy distribution. As the entropy is constant along a
streamline, it is dependent directly on the streamline function.

Thus, in case of a given entropy distribution behind the
front wave, the entropy in the grid points of the supersonic
region can be determined with the aid of the stream function
by numerical interpolation

‘

®

1 +sl
Sik ™ ZA,‘p{z‘/’xk Wicpe s 1)3'4'L2L

Finite Area Integration in Subsonic Regions

In the present case of strongly curved thin blades the
rotational subsonic flow is dealt with on the basis of the
modified vorticity theorem for the relative flow, Eq. (2). The
vorticity behind a strong shock causing subsonic velocity can
be determined directly from the entropy gradient and the
streamline geometry of a homogeneous inlet flow.

1 as 2w
- ;v_ T_a—l,T " 9 =/ blade
1l _2d 2
20= |- — 124 %g ©)
w, or w,
dw, (I+tan’ysin’p)”  dw,
as sing ar J i

Since the normal vector of the rotational symmetric SI
surface has no component in circumferential direction, the
circulation of a finite grid area behind the shock becomes

I'(/,rdd) = 2{§(Q,siny +Q,cosy) rddd! (10)

On the other hand, however, the circulation is also defined as
a line integral of the absolute velocity along the boundaries of
a finite grid element. For this integration a quasi-streamline
grid is used, which is also generated in subsonic regions by
means of the stream function.

If the components of the absolute velocity are replaced by
relative and circumferential velocity, the integration around a
finite grid area (Fig. 4) gives the following difference scheme
with the aid of central differential approximation:

T, =A¥WwAis —y, AFcoshA's — (Afu+ Alw, ) rAk 8 (11

Since the circulation of the stream filament under con-
sideration is constant in the absence of shocks and can be
determined at the upstream boundary of the area, the dif-
ference Eq. (11) indicates a velocity distribution.

The circulation at the upstream boundary of the subsonic
region, however, is calculated by integration in a rectangular
coordinate system, whereas a quasi-streamline grid is used
within the subsonic parts. Therefore equalization of Egs. (10)
and (11) also requires a transformation of the surface integral

t=rdss [*hik+1

i~1,jk+1

O el j k=1

i-l /,k -1
Fig. 4 S1 surface difference scheme (subsonic t'low).
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by means of a functional determinant derived from the grid
geometry of the two systems. Then the circulation of any grid
element along a streamline, and the corresponding velocities
at the boundaries of the element, can be determined from the
circulation behind the strong compression shock. The ap-
plicaton of the energy and continuity equation results in the
variables of state at the rotational subsonic flow on an S/
surface.

Treatment of Shocks and Front Waves

The complex transonic rotor flow involves front waves and
channel shocks. The theoretical treatment of these discon-
tinuity surfaces takes into consideration 1) the asymmetric
structure of the strong channel shocks and the front waves as
well as 2) the three-dimensional structure of the compression
shocks. First all parts of channel shock and front wave with

. subsonic downstream velocities are described by a hyperbolic

model (Fig. 5), which has been modified in comparlson to
Ref. 13.

Considering the shock geometry and the gasdynamic
relations of the detached shock, one obtains for the shock
detachment distance L a relation of the form

) Poson } (12)
as=0 Pog 7

A coupling of the different subsonic parts of the front wave
results in an influence of the channel flow on the suction side
front wave S and in a slight deviation of the stagnation
streamline.

The parts of the shock with supersonic downstream velocity
are fitted by means of a calculation according to the method
of characteristics and the Rankine-Hugoniot equations.

Since the shock surfaces under consideration are spatially

Lgepes=L {yO’yson blade 5% Fson »$5 (A

son

 curved, a calculation of the shock must take into account the

spatial shock angles. For this purpose the three-dimensional
shock front is determined by the angles v and ¢sh and
described by its normal vector (Fig. 6).

—singy, - COSYsp.
ng = | —coSpy, -COSyy, . (13)
COS@y, *Siny g

Then the spatial shock angle decisive for an exact calculation
ensues from the following relation:

weng ‘
_— . 14
iwl Ing, | ( .)

o, =arcsin

”
4 : % -
/ 7/
/XSOn‘.ySO")
/4
A, /’ —
l N yOJ — ) x
Xp Rotor Blade

Fig.5 Scheme of the detached shock.
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~

Calculation on the 52 Surfaces

In conneétion with the present equation system it is con-
venient to compose the flow derivatives along an 82 surface
by the radial and circumferential gradients and the
corresponding relations. The gradients of density and velocity
necessary for this composition can be determined from the
flow properties on an SI surface by means of the basic flow
equations.

1 ap 1 (p,)x—I{w, dwu} k—1 p,
—— = — (w,+2u)+w + —
p rod a?\p r Wy ) ds al.p, r3d
as)
la_p=i<&)“— {wzr_wawr] 1 3p,
por a\p ar p, or
aw 1 dp, p ww, dw,
—_— = - +20w, +w
rod p réd p, Wy ds

ds
(16)

2 d d
wa—w=£@—’£—(2wwu+ &‘)(1— &r—€>+w d
r w, Or

The S2 surface gradient of a variable @ results from the trans-
formation equation of the quasi-three-dimensional approach
(Fig. 7).

aQ 4 aQ ' aQ
i {1-(n,_g°n,_52) ) /’—5; + (s Ne_s) =T an
with
n
n_g= Rg)—r D on,_g= S2—r/rdd .

'nSZfr/rdﬁ |

InSI—r I

Woiz,rd9)
Bz,rd9)

Fig. 6 Three-dimensional structure of compression shocks.
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The numerical procedure downstream of strong shocks
follows Fig. 8a. From the given flow properties along a
stream-surface j one can derive the flow conditions and the
slope of the neighboring stream surface j— 1 in the grid points
i’, k, and i’ +1, k. As the shock front normally is inclined in
the r, z plane, the required data downstream of the shock (grid
point i, k) are calculated by extrapolation of the streamline
shape and the flow properties. Then the shock itself is fitted
iteratively between subsonic and supersonic regions under
consideration of three-dimensional effects. Within the
subsonic region the calculation of the flow properties of a
neighboring S2 surface follows Fig. 8b. The shape of the S2
surface itself is determined by numerical mass flow in-
tegration in the radial direction.

HI. Theoretical and Experimental Results

Wall Pressure Distribution

The experimental investigations of the described rotors
(Fig. 1) are conducted in a compressor test rig which is
presented in detail in Refs. 2, 14, and 15. In addition to these
investigations, further information about the flow in

; Ns2-r/rdd
— — - T—
\ sy
\
dr s2 dh
\
\
— . \\ S’j-l

Fig.7 52 surface calculation.

Strong Shock
i+ 1,k

S2-Surface
i+l jol
0

1'+1,)

Fig. 8. 52 surface grid.
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supersonic rotors is given by the investigation of the rotor
with shock stabilization - by channel cross section. The
measured wall-pressure distributions at overspeeds (Fig. 9)
show that, with increases in speed, the intensity of the shock-
conditioned pressure increase in the entrance region sharply
decreases, and the position of the pressure maximum shifts in
the axial direction. Such remarkable changes of position and
intensity of the channel shock appear if the front wave at-
taches to the rotor leading edge and the downstream velocity
of the channel shock changes from subsonic to supersonic
velocities. Consequently, no blockage effect occurs and a
multishock system is generated in the rotor at overspeeds.
However, increasing the back-pressure up to a static-pressure
ratio of about 2 stalled all investigated rotors.
The back pressure of the rotor with the cross section
. stabilized shock, contrary to the other investigated rotors, 14
could not be increased to such an extent that it generated a
stronger channel shock at the rotor entrance. Such a high back
pressure involves too large a detachment of the frontwave at
the hub and, consequently, a stalling of the rotor due to the
three-dimensional equilibrium behind the channel shock.
Figure 10 shows the wall pressure distributions for this rotor
resulting from the design and the calculations for the
measured back pressures under throttled and unthrottled
conditions. Both experiment and calculation reveal that the
pressure ratio realizable in the strong three-dimensional shock
front is about 30% lower than the pressure rise in a straight
compression shock. Though the shock front is stabilized by a
critical cross section within the rotor, this sonic area is not
positioned at the rotor exit, as provided by the design.

Entrance Flowfield

In the case of all investigated rotors the measurements
showed a linear distribution of the relative Mach number
M e nup =1.25...M 1 o, = 1.58) and the relative flow angle
By =147 deg...B; caing =155 deg). The measured data

02 AN
0 100 200 300 400
———w= axial direction z ImmJ]
Fig. 9 Wall pressure distributions at overspeeds (rotor with cross-
section stabilized shock).
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Fig. 10 Wall pressure distributions with back pressure (rotor with
cross-section stabilized shock), @ unthrottled and @ throttled
conditions.
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correspond to the design, which determines the mass flow
because of the hyperbolic character of the front waves in
accordance with the unique incidence condition. The
theoretical approach, however; allows a nonuniform
distribution of the flow conditions in the short range up-
stréam of the rotor blading.

This nonuniform distribution in the entrance is shown by
the measurements of the spatial unsteady pressure
distribution upstream of the rotors (Figs. 11 and 13). The
measurements were conducted by the semiconductor probe
described in Ref. 15. The calculation of the front wave pattern
upstream of the impulse-type rotor (Fig. 11) is based on the
exit pressure measured in stage operation. The curved shape
of the intersection line of the front wave and the axial
measuring plane can be explained as follows.

In the hub region of this supersonic rotor a strong shock is
generated with subsonic downstream velocity by the throttling
effect of the stator. The radial equilibrium allows weak
shocks only near the casing. This results from Fig. 12, where
the course of the shock angle and the Mach numbers behind
the shock are plotted as a function of the radius. In this
figure, the results of the calculations are shown for stage

Phase Angle
Front Wave

Casing

Leading Edge

Rotor Blade
Hub
Calculated o
Shock - Shape No Axial Position

Zpotor ~ €meas
. ZLRotor " “meas  _ .3
4p [bar] PIteh poror

Fig. 11 Unsteady static pressure distribution upstream of the im-
pulse-type rotor.
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0
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Q75 08 085 09 095 10
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Fig. 12 Channel shocks in the impulse-type rotor.
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Phase Angle
Front Wave

Casing

Leading Edge
Rotor Blade

Axial Position

ZRotor = Zmeas. (43
—_— =4
pitchgotor

Calculated
, Shock - Shape

n /nb =10 ’
Fig. 13 Unsteady static pressure distribution upstream of the rotor
with cross-section stabilized shock. .

n/ng =1

——— Calculation - - . f
Experiment
Fig. 14 Quasi-steady pressure distribution of the rotor with cross-
section stabilized shock.

operation and operation without stator. Also, as the ex-
periments confirm,!4 the rotor is throttled because of the
higher back pressure in the stage. At the hub, this effect
causes a strong shock with extensive subsonic regions.

A comparison of the data for the impulse-type rotor (Fig.
. 11) and the static pressure pulsations upstream of the shock

rotor (Fig. 13) shows that the unsteady amplitudes are greater
in the incidence flow of the shock rotor. These amplitudes, as
well as the smaller phase angle in Fig. 13 between rotor
leading edge and the shock, indicate a stronger detachment of
the front wave. Furthermore, the shock front is less curved in
this case, since there is no region with supersonic flow.

Channel Flow

Figure 14 shows a comparison of the calculated pressure
gradients in the circumferential direction with the measuring
result of the semiconductor transducers in the casing for the
rotor with cross section stabilized shock. As can be seen from
the static wall pressure distribution (Fig. 10), the front wave
and the pressure distribution in the inlet flow, as well as the
position of the channel shock and its intensity, confirm the
presented theoretic model. Within the blade channel, too, the
calculated pressure distribution in principle corresponds to
the experiment. In the zone of suction-side separation,
however, the numerical results show discrepancies. The in-
‘version of the pressure gradient in- the circumferential
direction which occurs downstream of the shock and which is
characteristic of rotors with strong entrance shocks is also
covered by the computation.

Exit Flow

Figures 15 and 16 show the exit Mach numbers of the
impulse-type rotor and the shock rotor resulting from
computation and experiment. For the impulse-type rotor the
experimental data? are compared with the presented
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Fig. 15 Exit Mach numbers of the impulse-type rotor.
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Fig. 16 Exit Mach numbers of the rotor with cross-section stabilized

. shock.

procedure and with the results of the method of charac-
teristics> which considers subsonic zones by linear ex-
trapolation. For the shock rotor in Fig. 16 different results of
the calculation according to the wall-pressure distribution in
Fig. 10 are compared. The graphs show that the exit Mach
number of the rotor with a cross section stabilized shock is
lower than that of the impulse-type rotor. It is, however,
supersonic too. The difference between calculated and
measured distribution is explained by viscous effects in the
rear part of the blading.

IV. Conclusions

Theoretical and experimental results concerning three
different rotors were discussed. The theoretical approach of

- three-dimensional flows through rotors with high turning of

the blades proved to be in accordance with the measured data.-
Only in.the case of strong viscous-inviscid interaction the
results were less sufficient. The presented results also show 1)
in the case of throttled rotors the three dimensionality of the
shocks cause a lower pressure rise than predicted by a two-
dimensional approach; and 2) in the case of blockage of the
rotor flow caused by the channel geometry an increase of the
speed does not result in stall conditions but to a diminution of
the shock system.
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Appendix: Elements of the Differential
.Equation System

[ p 0 0 o» w; w, 0 0
dl rd¢ 0 O 0 0 0 0
0

w w, 0 0 &/p 0

0 0 dl rdd 0 0 0 0
A=
0 0 w w, 0 a/p 0 &%/«
o 0 0 O d/ rdd 0 0
0o 0 0 0 0 0 w, oW,
L 0 0 0 O 0 0 dl rdd |
_ [aw, ow, 0w, 9w, dp dp 8/c, as/cv]
il re T 3l rad T 9l rad’ al C rad
e By By I ]
cosy {smy al * 6r} How
Iw,
dw,— — ({ —tany)dr dw,—H, dr
ar /
. 2
siny ([ (w, +u)* 41/} +2sin7coswaal H,
r al
Iw,
dw, — (/—tany)dr dw,—H, dr
C,= ar = u
—w, (w,/r—2w) H,
dp
dp—;a;(l—tany)dr do—H dr
—w,cos-ya(sa/:”) (1 —tany) —w,cosyH /dr
d(s/c,) — 6(sa/rcu) (I —tany)dr d(s/c,) —Hdr
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